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Elementary Concepts Basic definitions
 Plan
 1 Elementary ConceptsBasic definitionsElementary problems on graphsGeneric algorithms
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Elementary Concepts Basic definitions
 Graphs
 A graph is a pair G = (V ,E) withV a set of verticesE ⊆ V × V a set of edges
 Notation (“getters”): V (G) = V and E(G) = E
 A graph is undirected if for all (u, v) ∈ E , also (v ,u) ∈ E .Alternative definition of edge set of undirected graphs:E ⊆ {{u, v}|u, v ∈ E ∧ u 6= v}
 4 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Operations on graphs
 Union: G ∪G′ = (V (G) ∪ V (G′),E(G) ∪ E(G′))
 Intersection: similiar
 Restriction to a subset of nodes V ′ ⊆ V :G[V ′] = (V ′, {(v , v ′)|v ∈ V ′ ∧ v ′ ∈ V ′})
 Product (for disjoint G, G′):G ∗G′ = (V (G) ∪ V (G′), {(v , v ′)|v ∈ V (G), v ′ ∈ V (G′)})
 Complement G = (V (G), {(u, v)|(u, v) /∈ E(G)}
 A graph. . . and its complement
 5 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Some special graphs
 K 5
 K2,3
 A graph G is complete if all nodes in G are connected.Notation: K n, if n = |G| (number of nodes of G)A graph is bipartite if it is of the form (V1 ∪ V2,E), with V1 ∩ V2 = {}and ∀(u, v) ∈ E .¬(u ∈ Vi ∧ v ∈ Vi).A graph G is complete bipartite if G = G1 ∗G2.Notation: Km,n if |G1| = m and |G2| = nSimilarly: k -partite graph if the vertex set can be partitioned into kdisjoint sets V1 . . .Vk .
 6 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Node sets: Clique
 Let G = (V ,E) and U ⊆ V
 Definition (Clique)
 U is a clique in G, if {u, v} ∈ E for all u, v ∈ U with u 6= v .The clique size ω(G) is the size of the largest clique in G.
 Thus: A clique of size n in G is a subgraph K n of G.
 7 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Node sets: Independent Set
 Definition (Independent set)
 U is an independent set in G, if {u, v} /∈ E for all u, v ∈ U with u 6= v .
 Exercise: Show that U is an independent set in G iff U is a clique in GApplications: Interpret {u, v} ∈ E as “there is a conflict between u andv . Then: Independet set ≡ conflict-free set
 8 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Node partitions: Coloring
 Graph coloring: Attribute a unique color to each node so that twoadjacent nodes do not have the same color.(Details in a separate chapter)Use in: Compiler construction (register allocation), scheduling, timetable, storage of incompatible chemicals, . . .Related to: Independent set
 9 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Node sets: Vertex Cover
 Definition (Vertex cover)
 U is a vertex cover in G, if {u, v} ∩ U 6= {} for all {u, v} ∈ E .
 Differently said: Every edge is incident with a vertex in U.
 Exercise: Show that U is an independent set in G = (V ,E) iff V − U isa vertex cover of G.Applications: Controlling network traffic in a communication network,with a minimum number of controllers.
 10 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Node sets: Dominating Set
 Definition (Dominating set)
 U is a dominating set in G, if for every u ∈ V − U, there is a v ∈ U with{u, v} ∈ E .
 Differently said: Every node is either in U or connected to a vertex in U.
 11 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Edge sets: Spanning tree
 Definition (Spanning tree)
 T is a spanning tree of G, ifT is a tree, i.e. a connected acyclic graphV (T ) = V (G) (i.e., T spans G)
 Applications:Find non-redundant communication network between nodesParticularly interesting for weighted graphs
 12 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Vertex sequences: Hamilton circuits
 1 2 3
 6 5 4
 For graph G = (V ,E)
 Definition (Hamilton circuit)
 A sequence of vertices v1, . . . vn with n = |V | and (vn, v1) ∈ E and(vi , vi+1) ∈ E for i ∈ {1 . . . n − 1}
 Application: Travelling salesman
 13 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Basic definitions
 Edge sequences: Euler tour
 Definition (Euler tour)
 A sequence of edges e1, . . .ek is an Euler tour ifthe sequence is duplicate-free and contains all edges of Ethe target of ei is the source of ei+1, for i ∈ {1 . . . k − 1}the target of ek is the source of e1
 Application: Travelling salesman14 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Elementary problems on graphs
 Plan
 1 Elementary ConceptsBasic definitionsElementary problems on graphsGeneric algorithms
 15 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Elementary problems on graphs
 Typical questions and answers (1)
 Question (Verification of solution set):Is U ⊆ V a set with property P in graph G = (V ,E)?Instances: Is U a clique / independent set / . . . in G?Solution: Directly apply definition of P to U and G. Immediatelycomputable for finite G.
 Variant: Are U1 . . .Uk sets with property P in G?Instance: Is G a k -partite graph with partitions U1 . . .Uk?
 16 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Elementary problems on graphs
 Typical questions and answers (2)
 Question (Solution of size k):Is there a U ⊆ V of size k with property P in graph G = (V ,E)?Instances: Is there a clique / independent set / . . . of size k in G?Solution: Generate all subsets U ⊆ V of size k and check according to“verification of solution set”.
 Variant: Are there sets U1 . . .Uk with property P in G?Instance: Is there a k -coloring of G?Solution: Generate all k -partitions of V , then check.
 17 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Elementary problems on graphs
 Typical questions and answers (3)
 Question (Minimal / maximal solution):What is the minimal / maximal U ⊆ V with property P in graphG = (V ,E)?Instances:
 What is the clique number (maximal clique) in G?What is the minimal vertex cover of G?
 Solution: Find minimal / maximal k ∈ 1 . . . |G|which is solution of size k
 Variant: What is the maximal/ minimal k such there are sets U1 . . .Ukwith property P in G?Instance: What is the chromatic number of G?
 18 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Generic algorithms
 Plan
 1 Elementary ConceptsBasic definitionsElementary problems on graphsGeneric algorithms
 19 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Generic algorithms
 A word about algorithms
 Written in the Scala language (see http://www.scala-lang.org/)Combination of
 OO programming (Java):notion of classes and interfaces (“traits”)iteratorsgenericity: type parameters in [ .. ]
 functional programming:closures: x => x + 1 (≈ fun x -> x + 1 in Caml)case classes (≈ inductive type in Caml)pattern matching
 20 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
 http://www.scala-lang.org/

Page 21
                        

Elementary Concepts Generic algorithms
 Generation of all subsets: principle
 Generation of the power set P(S) of a set SIdea (for P({1,2,3})):
 {1, 2, 3}
 {1, 2} {1, 3} {2, 3}
 {1} {2} {3}
 {}
 Implementation:
 def powerset [A] (s: Seq[A]): Seq [Seq [A]] = {
 if (s.isEmpty)Seq(s)
 else {val p = powerset(s.drop(1));p.map(x => s.head +: x)++ p
 }}
 21 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Generic algorithms
 Generation of all subsets: application
 Find all cliques in GFind all cliques of size kFind maximal cliques of GSee Scala code
 22 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016

Page 23
                        

Elementary Concepts Generic algorithms
 Partitioning in k subsets: principle (1)
 Partition an n-element set in a set of k non-empty partitionsExample: Partitioning {3, . . .1} in k = 2 subsets
 Partition {3− 1, . . .1} in 2− 1 subsets. Result: {{{2,1}}}Then add the set {3} to each of the partitions: {{{3}, {2,1}}}Partition {3− 1, . . .1} in 2 subsets. Result: {{{2}, {1}}}Then add the element 3 to each of the 2 sets per partition:{{{3,2}, {1}}, {{2}, {3,1}}}
 Result: {{{3}, {2,1}}, {{3,2}, {1}}, {{2}, {3,1}}}Exercise: Implement the algorithm!
 23 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Generic algorithms
 Partitioning in k subsets: principle (2)
 Stirling number: number of partitions of an n-element set in knon-empty subsets (0 ≤ k ,n):{
 nk
 }=
 {n − 1k − 1
 }+ k ×
 {n − 1
 k
 }Base cases: {
 nk
 }=
 {1 if n = k = 10 if k = 0 < n or n < k
 Exercise: For n ≥ 1, show that{n2
 }= 2n−1 − 1
 24 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Elementary Concepts Generic algorithms
 Partitioning in k subsets: application
 Find all k -colorings of GFind the chromatic number of GSee Scala code
 25 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs
 Plan
 1 Elementary Concepts
 2 Traversal and search in graphs
 3 Coloring
 4 Fixed-parameter algorithms
 26 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Plan
 2 Traversal and search in graphsRelational prerequisites
 27 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Edges as relations
 Throughout this section: Directed graphs
 A relation E over a set V is a set of pairs, i.e. a subset of V × V .In a graph, (v0, v1) ∈ E means: v1 is reachable from v0 in one step.Define relational operators to model:
 Paths of length n: n-fold productPaths of arbitrary length: transitive closureReachability: relation image
 Quotients of an equivalence relation allow to model strongly connectedcomponents.
 28 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Relation composition
 Relation composition R1 ◦ R2 = {(x , z).∃y .(x , y) ∈ R1 ∧ (y , z) ∈ R2}Define inductively the n-ary relation product:
 R0 = Id(R) = {(x , x).x ∈ Field(R)}(where Field(R) contains all x and y with (x , y) ∈ R)Rn+1 = Rn ◦ R
 Intuitive meaning:(x , y) ∈ Rn iff x and y are connected with a path of length n.
 1
 2
 3
 4 5
 678
 (1,1) ∈ R0, (4,4) ∈ R0
 (1,2) ∈ R1, (4,7) ∈ R1
 (1,3) ∈ R2, (4,6) ∈ R2
 (1,7) ∈ R3, (4,4) ∈ R3
 . . .
 29 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Transitive closure
 Reflexive-transitive closure
 R∗ =⋃n
 Rn
 Intuitive meaning: (x , y) ∈ R∗ iff x and y are connected.R∗ can be approximated by a fixpoint computation
 A0 = IdA1 = A0 ∪ A0 ◦ RA2 = A1 ∪ A1 ◦ R. . .Ai+1 = f (Ai) with f A = A ∪ A ◦ R
 Stop when finding a k with f (Ak ) ⊆ Ak
 30 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Transitive closure: Computation
 /* Generic least fixpoint computation */def lfp [A] (f: Set[A] => Set[A], xs: Set[A])
 : Set [A] = {if (f(xs) subsetOf xs)xs
 else lfp (f, f(xs))}
 /* Reflexive-transitive closure */def refl_transclos [A] (r: Set[(A,A)]) : Set[(A,A)] =lfp ((a: Set[(A,A)]) => (a union rel_comp(a)(r)),
 idrel(relField(r)))
 Exercise: Program the remaining functions (rel_comp, idrel,relField . . . )
 31 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Relation image
 Relation image R . S = {y . ∃x ∈ S. (x , y) ∈ R}Intutive meaning: Directly reachable from set S through relation RExercise: Program the function relImageExamples (for edge relation E):
 1
 2
 3
 4 5
 678
 E . {2} = {3,8}E2 . {2} = {1,3,4,7}E∗ . {2} = {1, . . .8}
 32 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Reachable nodes
 Let G = (V ,E) be a graph.The set of nodes reach E S transitively reachable from a node setS ⊆ V can be computed
 1 by E∗ . S (inefficient if |S| � |V |)2 by a fixpoint computation
 A0 = SA1 = A0 ∪ (E . A0)
 A2 = A1 ∪ (E . A1)
 . . .Ai+1 = f (Ai) withf A = A ∪ (E . A)
 Example for S = {1}:
 1
 2
 3
 4 5
 678
 Exercise: Write function reach using function lfp33 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Reachable nodes
 Let G = (V ,E) be a graph.The set of nodes reach E S transitively reachable from a node setS ⊆ V can be computed
 1 by E∗ . S (inefficient if |S| � |V |)2 by a fixpoint computation
 A0 = SA1 = A0 ∪ (E . A0)
 A2 = A1 ∪ (E . A1)
 . . .Ai+1 = f (Ai) withf A = A ∪ (E . A)
 Example for S = {1}:
 1
 2
 3
 4 5
 678
 Exercise: Write function reach using function lfp34 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Reachable nodes
 Let G = (V ,E) be a graph.The set of nodes reach E S transitively reachable from a node setS ⊆ V can be computed
 1 by E∗ . S (inefficient if |S| � |V |)2 by a fixpoint computation
 A0 = SA1 = A0 ∪ (E . A0)
 A2 = A1 ∪ (E . A1)
 . . .Ai+1 = f (Ai) withf A = A ∪ (E . A)
 Example for S = {1}:
 1
 2
 3
 4 5
 678
 Exercise: Write function reach using function lfp35 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Reachable nodes
 Let G = (V ,E) be a graph.The set of nodes reach E S transitively reachable from a node setS ⊆ V can be computed
 1 by E∗ . S (inefficient if |S| � |V |)2 by a fixpoint computation
 A0 = SA1 = A0 ∪ (E . A0)
 A2 = A1 ∪ (E . A1)
 . . .Ai+1 = f (Ai) withf A = A ∪ (E . A)
 Example for S = {1}:
 1
 2
 3
 4 5
 678
 Exercise: Write function reach using function lfp36 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Reachable nodes
 Let G = (V ,E) be a graph.The set of nodes reach E S transitively reachable from a node setS ⊆ V can be computed
 1 by E∗ . S (inefficient if |S| � |V |)2 by a fixpoint computation
 A0 = SA1 = A0 ∪ (E . A0)
 A2 = A1 ∪ (E . A1)
 . . .Ai+1 = f (Ai) withf A = A ∪ (E . A)
 Example for S = {1}:
 1
 2
 3
 4 5
 678
 Exercise: Write function reach using function lfp37 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Strongly connected components (1)
 A strongly connected component (SCC) is a set of nodes S such thatthere is a path between any two x , y ∈ S
 Characterization of SCCs as equivalence relation ≡SCC(G) defined by:x ≡SCC(G) y iff (x , y) ∈ E∗ ∧ (y , x) ∈ E∗
 Exercise: Prove that ≡SCC(G) is an equivalence relation.
 1
 2
 3
 4 5
 678
 Example: 1 ≡SCC(G) 8 and 4 ≡SCC(G) 6 , but not 3 ≡SCC(G) 438 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Traversal and search in graphs Relational prerequisites
 Strongly connected components (2)
 Quotient of a set A wrt. an equivalence relation R:A//R = {S ⊆ A. S is a maximal set satisfying ∀x , y ∈ S.R(x , y)}
 Lemma: A//R =⋃
 a∈A(R . {a})
 Characterization of SCCs as partition of the nodes of G = (V ,E), asSCCPart(G) = (V// ≡SCC(G))
 Example graph: SCCPart(G) = {{1,2,8}, {3}, {4,5,6,7}}Exercise: Program the computation of SCCs as node partition.Note: pay attention to isolated verteces when computing E∗
 39 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring
 Plan
 1 Elementary Concepts
 2 Traversal and search in graphs
 3 Coloring
 4 Fixed-parameter algorithms
 40 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring
 Overview of algorithms
 Greedy algorithmFor arbitrary graphsEfficient (polynomial-time)Optimality not guaranteed
 Lawler’s algorithmFor arbitrary graphsFinds minimal coloringRelies on enumerating maximal independent sets ( exponential)
 Planar graph coloringFor planar graphs onlyFinds coloring with ≤ 5 colors ( not always optimal)Efficient (polynomial time)
 41 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Plan
 3 ColoringTerminologyLawler’s algorithmGenerating maximal independent setsColoring planar graphs
 42 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Degree
 Definition (Incident edges)
 E(v) = {e|∃u.e = (u, v) ∨ e = (v ,u)}
 Definition ((Minimal / maximal) degree)
 Degree of a vertex: d(v) = |E(v)|Minimum degree of a graph: δ(G) = min{d(v)|v ∈ V}Maximum degree of a graph: ∆(G) = max{d(v)|v ∈ V}
 Exercise: δ(G) =?? / ∆(G) =??
 43 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Vertex coloring
 Definition (Vertex coloring)
 Let S be a set of colors.A vertex coloring of a graph G(V ,E) is a map c : V → S such thatc(u) 6= c(v) whenever (u, v) ∈ E .
 If there is a coloring of G for a set S of size |S| = k , then G isk -colorable. The smallest k such that G is k -colorable is its chromaticnumber χ(G).
 χ(G) = 3
 44 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Edge coloring
 Similarly: Edge coloring is a map ce : E → S such that ce(e1) 6= ce(e2)if e1 and e2 are adjacent.
 Definition (Line graph)
 The line graph L(G) of a graph G(V ,E) is a graph G′(V ′,E ′) withV ′ = E and E ′ = {(e1,e2)| e1 and e2 are adjacent in G}
 The edge coloring of G can be translated to the vertex coloring of L(G)and inversely.Exercise: Give the precise definition!
 45 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Vertex coloring: Lower bounds
 Exercise: Show χ(Kn) = nExercise: For G′ ⊆ G:
 Show that each coloring of G is also a coloring of G′
 Conclude that χ(G′) ≤ χ(G)
 Conclude that ω(G) ≤ χ(G) (where ω is the clique size)Conclude that n ≤ χ(G), if Kn ⊆ G
 The converse is not true:Exercise: Find a coloring of
 46 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Vertex coloring: Upper bounds
 Theorem (Chromatic number / max degree)
 χ(G) ≤ ∆(G) + 1
 Proof by induction on the size of G = (V ,E), constructing a coloringc : V → {1 . . . k} with k ≤ ∆(G) + 1:Prerequisite: Fix an order ≺ on V .
 If V = {}, then take c := {}If V = {u} ] V ′, there are n ≤ ∆(G)nodes {v1, . . . , vn} ⊆ V ′ and u ≺ vi ,with {(u, v1), . . . (u, vn)} ⊆ E(G).
 Color G[V ′] with c′
 Choosecu = min{d |d /∈ {c′(v1) . . . c′(vn)}}Set c := (u 7→ cu) ∪ c′
 G′u
 v1
 ...
 vn
 47 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Greedy vertex coloring algorithm (1)
 Informal version
 1 Order the nodes of the graph(heuristics for “good” order: see later)
 2 Recursively assign colors to high-order nodes first3 . . . then to the next low-order node u:
 choose the first color cu not assigned to neighbors of uassign cu to u
 Exercise: apply the algorithm to graph of p. 43
 48 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Greedy vertex coloring algorithm (2)
 Scala code
 def greedyColor : Map [V,Int] = {if (vertices.isEmpty)Map()
 else {var u = vertices.head;var s = vertices.tail;var c = restrict(s).greedyColor;c + (vertices.head ->
 min_unused(c filterKeys(v => (successor(u) intersect s) contains v)))
 }}
 49 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Greedy vertex coloring algorithm: Aux. functions
 def restrict (s: Seq[V]) : Graph[V] = {new Graph(vertices intersect s,
 edges filter(e => (s contains e._1) || (s contains e._2)))
 }
 def min_unused [V] (c: Map[V,Int]) : Int = {var m = 1var cv = c.values.toSeq.sortedfor (i <- cv) {if (i == m) m = (i + 1)
 }m
 }
 50 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Terminology
 Vertex coloring: Order
 Exercise: Color the graph with the orders5 ≺ 6 ≺ 1 ≺ 2 ≺ 4 ≺ 31 ≺ 2 · · · ≺ 6
 1
 3
 5
 2
 4
 6
 Conclusion: Choose order such that v � v ′ if δ(v) < δ(v ′).Differently said: Color nodes with high δ first, and those with low δ onreturning from recursion least number of constraints.
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Coloring Lawler’s algorithm
 Plan
 3 ColoringTerminologyLawler’s algorithmGenerating maximal independent setsColoring planar graphs
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Coloring Lawler’s algorithm
 Principle
 Algorithm (informal): For coloring graph G = (V ,E):
 1 Identify appropriate maximal independent set U2 Recursively color G[V − U]
 3 Assign the same color to all nodes of UNote: Maximal independent set
 = independent set to which no further node can be added withoutloss of independence6= independent set with maximal number of nodes
 Problem: Find “appropriate” set in (1)Solution: Test all maximal independent sets U of G
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Coloring Lawler’s algorithm
 Towards a formal algorithm
 Computing the chromatic number of a graph
 χ(G) = 1 + minU∈ind(G)χ(G[V − U])
 where ind(G) is the set of independent sets of G,and for the empty graph: χ(({}, {})) = 0.
 Computing a minimal coloring: Keep track ofthe minimal chromatic numberthe associated coloring
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Coloring Lawler’s algorithm
 Towards a formal algorithm
 Computing the chromatic number of a graph
 χ(G) = 1 + minU∈ind(G)χ(G[V − U])
 where ind(G) is the set of independent sets of G,and for the empty graph: χ(({}, {})) = 0.
 Computing a minimal coloring: Keep track ofthe minimal chromatic numberthe associated coloring
 55 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016

Page 56
                        

Coloring Lawler’s algorithm
 Towards a formal algorithm
 Computing the chromatic number of a graph
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Coloring Lawler’s algorithm
 Towards a formal algorithm
 Computing the chromatic number of a graph
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Coloring Lawler’s algorithm
 Towards a formal algorithm
 Computing the chromatic number of a graph
 χ(G) = 1 + minU∈ind(G)χ(G[V − U])
 where ind(G) is the set of independent sets of G,and for the empty graph: χ(({}, {})) = 0.
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Coloring Lawler’s algorithm
 Towards a formal algorithm
 Computing the chromatic number of a graph
 χ(G) = 1 + minU∈ind(G)χ(G[V − U])
 where ind(G) is the set of independent sets of G,and for the empty graph: χ(({}, {})) = 0.
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Coloring Generating maximal independent sets
 Plan
 3 ColoringTerminologyLawler’s algorithmGenerating maximal independent setsColoring planar graphs
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Coloring Generating maximal independent sets
 Maximal independent sets and cliques (1)
 Two related problems:U is maximal independent set of G⇔ U is maximal clique of G
 Here: compute maximal clique of a graphRecursive algorithm maxCliques(G,S):
 for S = {}: maxCliques(G, {}) = {{}}for S = {v} ] S′:
 recursively compute M = maxCliques(G,S′)maxCliques(G,S) =
 ⋃C∈M extend(C, v ,G)
 maxCliques(G,V (G)) yields the set containing all maximal cliques of G(. . . and possibly more remove non-maximal cliques)
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Coloring Generating maximal independent sets
 Maximal independent sets and cliques (2)
 Extension extend(C, v ,G) of a clique C with a node vAssume S′ is a node set, v /∈ S′ and C is a maximal clique in G[S′]
 if C ∪ {v} is a clique in G, then C ∪ {v} is certainly a maximalclique in G[S′ ∪ {v}]if C ∪ {v} is not a clique in G, then
 C{v} ∪ {u ∈ C|(u, v) ∈ E(G)}
 are possibly maximal cliques in G[S′ ∪ {v}]
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Coloring Coloring planar graphs
 Plan
 3 ColoringTerminologyLawler’s algorithmGenerating maximal independent setsColoring planar graphs
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Coloring Coloring planar graphs
 4-color theorem
 TheoremEvery planar graph is 4-colorable.
 History of the proof:Guthrie (1852): First conjectureKempe (1879): First “proof” (turned out to be wrong)Heawood (1890): Correction of the proof for 5-coloringAppel and Haken (1976): “Proof” requiring the verification of≈ 10.000 configurations, checked by IBM 370 assembly codeRobertson, Sanders, Seymour, and Thomas (1995): Streamlinedversion of the “proof”, checked by C codeGonthier (2005): Proof in the Coq proof assistant
 Reasonably efficient algorithm for computing a 4-coloring ???
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Coloring Coloring planar graphs
 Plane and planar graphs
 Plane graph:A graph embedded into the plane such that no arcs intersect.Planar graph:A graph embeddable into the plane such that no arcs intersect.
 Plane / planar ?
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Coloring Coloring planar graphs
 5-coloring: Basis
 Let G be a connected plane graph with n vertices, m edges and `faces.
 Theorem (Euler Formula)
 n −m + ` = 2
 Corollary1 If G is a plane triangulation, then m = 3n − 62 If n ≥ 3, then m ≤ 3n − 6
 Proof:1 A triangulation is a relation {(e, f )|edge e borders face f}. Each e
 is related to 2 f , and each f to 3 e. Thus: 3` = 2m.Following Euler, 3n − 3m + 3` = 6, thus 3n − 3m + 2m = 6.
 2 Take a plane triangulation with n vertices and remove edges.66 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016
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Coloring Coloring planar graphs
 5-coloring: Consequences of Euler formula
 Lemma (Forbidden subgraphs)
 The graph K 5 is not planar.Because it has m = 10 edges and n = 5 vertices, but¬(10 ≤ 3× 5− 6)
 The graph K3,3 is not planar.Proof: See exercises.
 LemmaFor a planar graph G, the minimum edge degree δ(G) ≤ 5
 Proof:Clear for n < 3.For n ≥ 3: Assume δ(G) ≥ 6, thus 6n ≤ 2m. Contradiction withm ≤ 3n − 6.
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Coloring Coloring planar graphs
 5-coloring algorithm: Principle
 Principle: Recursive algorithm, similar to greedy algorithm.
 Base: Color empty graph: TrivialStep: Select u with δ(u) ≤ 5, color G[V − u]. Two cases:
 1 u has < 5 neighbors in G[V − u]Then color u with one of the remaining colors.
 2 u has = 5 neighbors v1 . . . v5 in G[V − u]Assume c(vi ) = i , and let Gij be the subgraph induced by colors i , jDistinguish subcases:
 1 there exists no path between v1 and v3 in G13
 2 there exists a path between v1 and v3 in G13
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Coloring Coloring planar graphs
 5-coloring algorithm: Subcase 1
 No path between v1 and v3: Swap colors in strongly connected component of v3 in G13
 u
 v1 w1
 v2
 v3 w3
 v4
 v5
 =⇒ u
 v1 w1
 v2
 v3 w3
 v4
 v5
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Coloring Coloring planar graphs
 5-coloring algorithm: Subcase 2
 Path between v1 and v3:Separates v2 and v4: no path in G24 between v2 and v4
 Swap colors in strongly connected component of v4 in G24
 u
 v1
 v2 w2
 v3
 v4 w4
 v5
 =⇒ u
 v1
 v2 w2
 v3
 v4 w4
 v5
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Fixed-parameter algorithms
 Plan
 1 Elementary Concepts
 2 Traversal and search in graphs
 3 Coloring
 4 Fixed-parameter algorithms
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Fixed-parameter algorithms Motivation
 Plan
 4 Fixed-parameter algorithmsMotivationAlgorithmic complexity primer2-SATVertex Cover is NP-completeFP complexity
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Fixed-parameter algorithms Motivation
 Degrees of difficulty (1)
 Difficult problemsConvention: “difficult” = “solution cannot be computed inpolynomial time”In particular: problems ∈ complexity class NP
 a given solution can be verified in polynomial timebut no algorithms are known for finding it in poly-time
 Example:Given: Graph G = (V ,E) and integer k ≤ |V |Problem: is there a vertex cover U with |U| ≤ k?Solution verifiable in time |E |Naive algorithm: Generate all U ⊆ V and verify(see § Generic algorithms, p. 3)Complexity: O(2|V | × |E |)In general, no better algorithm is known: Vertex cover ∈ NP.
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Fixed-parameter algorithms Motivation
 Degrees of difficulty (2)
 Parameterized problems:Example:
 Given: Graph G = (V ,E)
 Parameter: integer k ≤ |V |Problem: is there a vertex cover U with |U| ≤ k?Algorithm (see below) with complexity O(2k × |E |)
 Cheating?Yes: not better than naive algo for k = |V |No: de-facto O(|E |) for k � |V |
 Essential: separation intodifficult part: ktractable part: G
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Fixed-parameter algorithms Algorithmic complexity primer
 Plan
 4 Fixed-parameter algorithmsMotivationAlgorithmic complexity primer2-SATVertex Cover is NP-completeFP complexity
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Fixed-parameter algorithms Algorithmic complexity primer
 Decision Problems
 Problem: A problem A is a set of strings (appropriately coded)Solution:
 S(A) is a subset of Aequivalently: characteristic function solveA withx ∈ S(A) iff solveA(x) = true
 Verification function verifA taking an x ∈ A and a certificate cx suchthat verifA(x , cx ) = true iff x ∈ S(A).
 Example: Boolean satisfiability SATProblem set: set of formulas, such as: a ∨ b and a ∧ ¬aSolution: S(SAT) is the subset of satisfiable formulas:a ∨ b ∈ S(SAT) and a ∧ ¬a /∈ S(SAT)
 Certificate and verification function: valuation and interpretation:verifSAT(a ∨ b, (a 7→ >,b 7→⊥)) = trueverifSAT(a ∧ ¬a, c) = false for every c
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Fixed-parameter algorithms Algorithmic complexity primer
 Reductions
 Polynomial-time reduction from problem A to problem Bis a poly-time function f : A⇒ B s.th. x ∈ A iff f (x) ∈ B
 Reducible: A poly-time reducible to B (notation: A ≤p B)if there exists poly-time reduction f : A⇒ B.
 Informal readings of A ≤p B:B at least as difficult as AIf I could solve all y ∈ B in poly-time, then also all x ∈ A
 Let C be a class of problems.B is C-hard, if A ≤p B for all A ∈ CB is C-complete, if B ∈ C and B is C-hard
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Fixed-parameter algorithms Algorithmic complexity primer
 Classes P and NP
 Class P of deterministic poly-time computable functions:for each A ∈ P, there is a polynomial p s.th.for all x ∈ A, the computing time of solveA(x) is bounded by p(x)
 Class NP of non-deterministic poly-time computable functions:for each A ∈ NP, there is a polynomial p s.th.for all x ∈ A and all certificates c,the computing time of verifA(x , c) is bounded by p(x)
 Boolean satisfiability as gauge for measuring complexity:2− SAT ∈ P(see the following)3− SAT ∈ NP(even: NP-complete, exercises)
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Fixed-parameter algorithms 2-SAT
 Plan
 4 Fixed-parameter algorithmsMotivationAlgorithmic complexity primer2-SATVertex Cover is NP-completeFP complexity
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Fixed-parameter algorithms 2-SAT
 Boolean satisfiability: Terminology
 a literal is a propositional variable or its negation.Examples: a, ¬b. Counter-example: (a ∨ ¬b)
 a clause is a disjunction of literals.Examples: a, a ∨ ¬b. Counter-example: ¬(a ∨ b)Also written as set of literals: {a}, {a,¬b}Formula in CNF: conjunction of clauses.Example: a ∧ (a ∨ ¬b)Also written as set of clauses: {{a}, {a,¬b}}
 Here: Limitation to formulas in Conjunctive Normal Form (CNF).Not a significant limitation ( exercices)
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Fixed-parameter algorithms 2-SAT
 Boolean satisfiability: Valuation and Interpretation
 Valuation: Mapping from the set of variables to {>,⊥}Example: Let v0 := (a 7→ >,b 7→⊥)and v1 := (a 7→⊥,b 7→ >)
 Interpretation: Extension of a valuation to the set of formulaeExample:
 v0(a ∧ (a ∨ ¬b)) = >v1(a ∧ (a ∨ ¬b)) =⊥
 Show: Interpretation can be computed in linear time (wrt. formula size)Define verifSAT(φ, v) = true iff v(φ) = >
 Thus: SAT ∈ NP (even: NP-complete, exercices)
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Fixed-parameter algorithms 2-SAT
 2− SAT ∈ P: Graph construction
 2-SATProblem: find valuation for a set of clauses S, where each C ∈ Scontains exactly 2 literals.Example: (x1 ∨ x2) ∧ (x2 ∨ ¬x4) ∧ (¬x2 ∨ ¬x3) ∧ (x3 ∨ x4)Construction of directed graph G, with edges (¬`i , `j) and (¬`j , `i) foreach {`i , `j} ∈ S.
 ¬x1
 x1 ¬x2
 x2
 ¬x3
 x3
 ¬x4
 x4
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Fixed-parameter algorithms 2-SAT
 2− SAT ∈ P: Constructing a Valuation
 . . . by gradually assigning truth values to the literals of the graph.Observations:
 Edge (¬`i , `j) in the graph corresponds to implication ¬`i −→ `j
 Propagation of truth values: if ¬`i becomes true, so does `jAlgorithm:
 Compute SCC(G)
 If there is Si ∈ SCC(G) with x ∈ Si and ¬x ∈ Si ,then stop with “S unsatisfiable”Otherwise, S is satisfiable. To find a valuation, iterate:
 1 Select a remaining minimal Si(minimal = no incoming arcs)
 2 Set all non-assigned literals in Si to ⊥3 Propagate truth values to other SCCs containing vars of Si4 Remove fully assigned SCCs
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Fixed-parameter algorithms 2-SAT
 2− SAT ∈ P: Example
 S1 = {¬x1},S2 = {x2,¬x3, x4},S3 = {¬x2, x3,¬x4},S4 = {x1}No contradictory SCCRound 1 of loop:
 1 Select S12 Put ¬x1 to ⊥, thus valuation (x1 7→ >)3 Propagate and remove S4
 Round 2 of loop:1 Select S22 Extend valuation with (x2 7→⊥, x3 7→ >, x4 7→⊥)3 Propagate and remove S3
 Final valuation: (x1 7→ >, x2 7→⊥, x3 7→ >, x4 7→⊥)
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Fixed-parameter algorithms Vertex Cover is NP-complete
 Plan
 4 Fixed-parameter algorithmsMotivationAlgorithmic complexity primer2-SATVertex Cover is NP-completeFP complexity
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Fixed-parameter algorithms Vertex Cover is NP-complete
 Vertex Cover is NP-complete
 Vertex cover problem (VC): For graph G = (V ,E) and k ≤ |V |, is therea vertex cover of size k or less, i.e. a U ⊆ V with |U| ≤ k and{u, v} ∩ U 6= {} for every {u, v} ∈ E?
 VC ∈ NPFor G, take U as certificate and check verifVC(G,U) in poly-time.VC is NP-completeShown by reduction from 3-SAT (see the following).Then: 3-SAT ≤p VC and 3-SAT is NP-complete implyVC is NP-complete
 86 M2RIT-RO Graphes et Réseaux Université de Toulouse/IRIT Année 2015/2016

Page 87
                        

Fixed-parameter algorithms Vertex Cover is NP-complete
 Reduction from 3-SAT to VC
 Given an instance of 3-SAT:Set of clauses S, each clause of the form {`1, `2, `3}Let Var be the set of variables of S
 Construction of an instance of VCGraph composed of subgraphs:
 Set k = |Var |+ 2|S|For each ui ∈ Var , construct graph Ti = (Vi ,Ei) with Vi = {ui ,¬ui}and Ei = {{ui ,¬ui}}For each {`1j , `2j , `3j } ∈ S, construct triangle:
 a1j
 a2j
 a3j`1j
 `2j
 `3j
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Fixed-parameter algorithms Vertex Cover is NP-complete
 Reduction from 3-SAT to VC: Example
 (see: Garey/Johnson)S = {{u1,¬u3,¬u4}, {¬u1,u2,¬u4}}
 a11
 a21
 a31 a1
 2
 a22
 a32
 u1 ¬u1 u2 ¬u2 u3 ¬u3 u4 ¬u4
 Correctness: exercises
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Fixed-parameter algorithms FP complexity
 Plan
 4 Fixed-parameter algorithmsMotivationAlgorithmic complexity primer2-SATVertex Cover is NP-completeFP complexity
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Fixed-parameter algorithms FP complexity
 Motivation
 Complex problems can become simple when fixing some parameters.Example:
 Complex problem: satisfiability of class of propositional formulasany formula F may contain O(|F |) distinct variables. . . may require a truth table of size 2|F |
 in general, no better algorithms are known (NP-completeness)Simpler problem: satisfiability of class of propositional formulaswith at most k variables
 . . . requires a truth table of size 2k
 each line of truth table can be computed in time O(|F |)thus: problem solvable in time O(2k · |F |)
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Fixed-parameter algorithms FP complexity
 Fixed-Parameter complexity (1)
 A parameterized problem over an alphabet Σ∗ is a pair (Q, κ), whereQ ⊆ Σ∗ is the set of solutionsκ : Σ∗ → N is a parameterization
 Let f : N→ N be a computable function and p be a polynomial on NAn algorithm A is fixed-parameter tractable (fpt) if its runtime is at most
 f (κ(x)) · p(|x |)
 for every x ∈ Σ∗
 A parameterized problem is fpt if there is an fpt algorithm for solving it.
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Fixed-parameter algorithms FP complexity
 Fixed-Parameter complexity (2)
 Example: p-SAT withinstances of the form (F , k), whereF is a formula, k a constant s.th. F contains at most k variablesQ = {(F , k)|F satisfiable}κ(F , k) = k
 Let f be the function f (k) = 2k and p the polynomial p(`) = `.Algorithm A for p-SAT: Truth-table with 2k lines.Thus: p-SAT is a fpt problem.
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Fixed-parameter algorithms FP complexity
 p-Vertex cover: Problem
 p-VCInstances of the form (G, k) where G is a graph and k ∈ Nκ(G, k) = kQ = {(G, k)|vc(G, k)},where vc(G, k) = “G has vertex cover of size k ”
 p-VC is fpt, with f (k) = 2k
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Fixed-parameter algorithms FP complexity
 p-Vertex cover: Algorithm
 Principle: G has a vertex cover of size k iff G − (v1, v2) has a vertexcover of size k − 1, for an arbitrary edge (v1, v2) ∈ E(G)Algorithm: Construct search tree having instances (G, k)
 1 In current node of tree, select edge (v1, v2) ∈ E(G)
 2 Recursively construct subtrees(G − v1, k − 1)(G − v2, k − 1)
 If tree of depth k has a leaf ((V ′, {}),0), then G has a vertex cover ofsize k , otherwise not.
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Fixed-parameter algorithms FP complexity
 p-Vertex cover: Illustration
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