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Outline

• Principles of Kalman filtration• Principles of Vold-Kalman
filtering – algorithm• Global solution • Single / multi-components
filtration• Example of employing the Vold-Kalman order

tracking filtration


	
Kalman filter

Process equation

( ) n 1v

Σ E 1−z Σ ( ) n C

( ) n n , 1 + F ( ) n 2v

x(n+1) x(n) y(n)

Measurement equation

Input parameters: • covariance matrices of )(1 nv )(2 nvand•
…

)(1 nv)(2 nv

… uncorrelated excitation vector of process equation…
uncorrelated excitation vector of measurement equation


	
Vold’s Publications on VK Filter (Through Feb 2000)Vold, H.,
Leuridan, J., "High Resolution Order Tracking at Extreme Slew
Rates, using Kalman Tracking Filters", SAE Technical Paper No.
931288, Noise & Vibration Conference & Exposition, Traverse
City, Michigan, May, 1993.Vold, H., Leuridan, J., "High Resolution
Order Tracking at Extreme Slew Rates, using Kalman Tracking
Filters", Internoise 93, Leuven, Belgium, August, 1993.Leuridan,
J., Vold, H., ?Suivi des Composants Harmoniques et Filtres de
Kalman?, La revue des Laboratoires d?essais, Septembre/Octobre
1993.Leuridan, J.; Van der Auweraer, H.; Vold, H., "The Analysis of
Non-stationary Dynamic Signals", Sound and Vibration Journal,
pp.14-26, August 1994Vold, H., Herlufsen, H., Mains, M.,
Corwin-Renner, D., "Multi Axle Order Tracking with the Vold-Kalman
Tracking Filter," SOUND AND VIBRATION Magazine MAY 1997Vold, H.,
Mains, M., Blough, J., ?The Mathematical Background of the
Vold-KalmanHarmonic Tracking Filter,? SAE Paper Number 972007,
1997.Vold, H., Deel, J., ?Vold-Kalman Order Tracking: New Methods
for Vehicle Sound Quality and Drive Train NVH Applications,? SAE
Paper Number 972033, 1997.Gade, S., Herlufsen, H.,
Konstantin-Hansen, H., Vold, H., Corwin-Renner, D., "Order Tracking
using thVold-Kalman Order Tracking Filter" Japanese Society of
Automotive Engineers Conference, JSAE98, Yokohama, Japan, May, 1998
.Gade, S., Herlufsen, H., Konstantin-Hansen, H., Vold, H.,
"Characteristics of the Vold-Kalman Order Tracking Filter", B&K
Technical Review No 1 - 1999. Vold, H.I., "Order Tracking Analysis
for Rotating Machinery," 18th International Modal Analysis
Conference, San Antonio, Texas, February 2000.

Håvard VoldPh.D.*1947


	
Software for Vold-Kalman Order Filtration

Brüel & Kjær, LabShop PULSE, Software Type 7703MTS Systems
Corporation, I-DEAS

VSB – Technical University of Ostrava• M-functions in MATLAB
including crossing orders

(open code)• Signal Analyser (VB6 - without crossing orders)

Axiom-EduTech Sweden & VSB – TU Ostrava• M-functions in
MATLAB (open code)

Second generation only

First and Second generation


	
Data equation (equiv. to measurement equation)

( ) ( ) ( )nnxny η+=n = 1,2, …, Ny(n) – measured signalη(n) –
error term ω(n) – angular frequencyx(n) – filter output

Matrix form of equationsηxy =−

( )( )xyxyηη −−= TTT

First generation( ) ( ) ( )( ) ( )nnjnxny η+Θ= exp

Second generation

( ) ( ) ⎟⎠

⎞⎜⎝

⎛Δ=Θ ∑

=

n

itin

0ω

ηxCy =−

( )( )CxyCxyηη −−= HHTHSquare of the error vector norm

x(n) is a complex envelope

( )( ) ( )( ){ }Njjdiag ΘΘ= exp,...,1expC


	
Homogenous Difference Equation Solution

( ) ( ) ( ) ( ) 021 =−+−− nxnxncnxFirst generation

Second generation for the two-pole filter( ) ( ) ( ) 0212 =−+−−
nxnxnx

( ) ( ) ( )tncbzaznx nn Δ=+= ωcos2,21( )tjz Δ= ωexp1

( )tjz Δ−= ωexp2( ) ( )ϕωω +Δ= tnAnx cosRe

Im

11 =zRe

Im

*12 zz = complex conjugate roots

( ) nn bnzaznx 11 +=( ) ( )btctcnanx =ΔΔ+= ,

11 =z double root

… to introduce a structural equation


	
Structural equation (equiv. to process equation)

( ) ( ) ( ) ( ) ( )nnxnxtnx εω =−+−Δ− 21cos2ω – rotational speed
(interpolated),x(n) – filtered signal, ε(n) – error term, N –
sample number

εxA =Matrix form of equations

xAAxεε TTT =

( ) ( )tnc Δ= ωcos2

First generation

Second generation

( ) ( ) ( ) ( )nnxnxnx ε=−+−− 212( ) ( ) ( ) ( ) ( )nnxnxnxnx
ε=−−−+−− 32313

Square of the error vector norm

… one-pole filter… two-pole filter… three-pole filter

( ) ( ) ( )nnxnx ε=−− 1


	
Matrix form of equations

( ) ( ) ( ) ( ) ( )nnxnxncnxNn ε=−+−−= 21:,...3( )( )

( )

( )( )

( )⎥⎥⎥⎥

⎦

⎤

⎢⎢⎢⎢

⎣

⎡

=

⎥⎥⎥⎥

⎦

⎤

⎢⎢⎢⎢

⎣

⎡

⎥⎥⎥⎥

⎦

⎤

⎢⎢⎢⎢

⎣

⎡

−

−−

NNx

xx

c

cc

ε

εε

...43

...21

11...0000........................000...110000...011

εxA =First generation

Second generation for the two-pole filter( ) ( ) ( ) (
)nnxnxnxNn ε=−+−−= 212:,...,3

( )( )

( )

( )( )

( )⎥⎥⎥⎥

⎦

⎤

⎢⎢⎢⎢

⎣

⎡

=

⎥⎥⎥⎥

⎦

⎤

⎢⎢⎢⎢

⎣

⎡

⎥⎥⎥⎥

⎦

⎤

⎢⎢⎢⎢

⎣

⎡

−

−−

NNx

xx

ε

εε

...43

...21

121...0000........................000...1210000...0121

0

0

N columns

N-2 rows

A

Sparse band matrix


	
Global solution

min→+= ηηεε TT2rJ

( ) yEAAx 1−+= T2r

( ) 0yxxAAx

=−+=∂∂ 22 T2rJ

⇓

Objectives: Solution:

r – weighting coefficientFirst generation

Second generation

( ) 0yCxEAAx

=−+=∂∂ HT

H rJ 2

( ) yCEAAx HTr 12 −+=⇓

0

0

AT

0

0

A

* =

=

ATA

0

0

B = r2ATA+E … SPD - Symmetric Positive Definite matrix


	
Saving robustness of solution

r2ATA is generally only positive semidefinite matrix, adding
unity matrix E turns it to positive definite matrix

1) Requirements on filter selectivity results in a value of
weighting coefficient r equaling to hundreds or thousands

2) Elements of ATA are as follows

2

...............

...210

...21

...11

...011

2332

322221

21211

1

≤

⎟⎟⎟⎟⎟⎟

⎠

⎞

⎜⎜⎜⎜⎜⎜

⎝

⎛

+−−−−+−−

−−+−−

=

i

T

c

cccccccc

ccccc

AA

⎟⎟⎟⎟⎟⎟⎟⎟

⎠

⎞

⎜⎜⎜⎜⎜⎜⎜⎜

⎝

⎛

−−−−−

−−−−−

−−

=

................201561...15201561...61519123

16121031331

AAT

First generation Second generation (3-pole filter)


	
Limit value of the weighting coefficient

The value of r should be limited not to lost the effect of
adding unity to main matrix diagonal by rounding due to the limit
bit number (double precision) for saving quantities in a computer
memory

Pole number 1=p

2=p 3=p 4=p

( ) iiT2r ,AA 22r 26r 220r 270r ≈MAXr 7x10

6 4x106 2x106 1.1x106 >Δ f100 5x10-6 % 0.025 % 0.5 % 2 %

p is the number of poles,2S

H

fff =Δ is the relative bandwidth


	
Range of the Pass-Band Filter Bandwidth

Consequence of vanishing unity added to the matrix main diagonal
due to the rounding error

0,000001 0,00001 0,0001 0,001 0,01 0,1 1 10 100

Range of the Pass-Band Filter Bandwidth in %

1

2

3

4

Filte

r Ord

er


	
Cholesky factorization for solution of equations

L = UT

0

0

U = {ui,j}

*=0

0 0

0

B = LU L,U triangular matrices

1,11,1 bu =1,12,12,1 ubu =

22,12,22,2 ubu −=

Nj ,...,3=2,2,2,2 −−−− = jjjjjj ubu

( ) 1,1,21,2,1,1 −−−−−−− −= jjjjjjjjjj uuubu2

,22

,1,, jjjjjjjj uubu −− −−=

Algorithm for 1st generation filter

Cholesky factorization saves the band property of resulting
triangular matrices

LU x = ySubstitution U x = zgives L z = yz = L-1y => x =
U-1z

U is a 3 non-zero diagonal matrix


	
Solution of linear equation system as filtration

(reverse order)

…..…..

Backward substitutionForward reduction1,111 uyz =

( ) 2,212,122 uzuyz −=

Npj ,...,1+=

( ) jjpjjpjjjjjj uzuzuyz ,,1,1 ... −−−− −−=

NNN uzx ,1=

( ) 1,1,122 −−−−− −= NNNNNNN uxuzx

( ) 1,...,1+−= pNj( ) jjpjpjjjjjjj uxuxuzx ,,11, ... ++++
−−=

L z = y (L = UT ) U x = z

pjjpjjjj uuuuuu ++ →→→ ,1,1,0 ...,,Steady-state values ….

( ) ( )( ) ppF zuzuuzYzZzH −− +++==

...1

110

( ) ( )( ) ppB zuzuuzZzXzH

+++==

...1

10

Transfer functions of the p-order IIR filter in the
Z-transform


	
Zero-phase digital filtering

( )2

1...

12

2210

2=

++++= Ω−Ω−Ω−

Ωpj

pjj

j

eueueuueH

3-dB bandwidth results from the equation

Forward reduction Backward substitution

( ) ( )( )zYzZzH F = ( )

( )( )zZzXzH B =

( )zY ( )zZ ( )zX

The forward reduction and backward substitution results in
zero-phase digital filtering analogous to the filtfilt function in
Matlab


	
The first generation VK-filter, steady-state values of the
filter coefficients

Cholesky factorization of B results in

The values of the matrix elements are given byEAAB += Tr 2

( ) 22,2,221,1,122,0 ,2,12 rbbbcrbbbcrbb jjjjjjjjjj ===−===++==
−+−+

( ) 22210002111022 ,, uubuuuubuubu −−=−==

022

21

2012110220 ,, buuubuuuubuu =++=+=

Ω− je results inSubstitution

( ) ( ) ( ) ( )Ω+Ω++++=Ω

2cos2cos21

20211022

21

20

2

uuuuuuuuueH j

( ) ( )Ω−Ω sincos jfor

⇓


	
Relationship between the filter bandwidth and the weighting
coefficient I

First generation

( ) ( ) ⎟⎠⎞⎜

⎝⎛ ⎟

⎠⎞⎜

⎝⎛ −+Δω−⎟

⎠⎞⎜

⎝⎛ −−Δω

π=Δ rtrtf 212cosarccos212cosarccos1

( )( )2cos1121

tfr

C Δ−

−Δ

≈ωπ

Approximation

ΔΩ+Δ=Ω tCω ( ) 1cos ≈ΔΩ ( ) ΔΩ≈ΔΩsinLet

( ) ( ) ( ) 21

2cos2cos21

210

2=

Ω+Ω+=Ω

bbbeH j

Solution to the previous equation gives

result inSubstitutions

and

022

21

2012110220 ,, buuubuuuubuu =++=+=


	
The second generation VK-filter, example for the one-pole
filter

Cholesky factorization of B results in

The values of the matrix elements

3-dB bandwidth results from

are given byEAAB += Tr 2

21,1,1

2,0 ,12 rbbbrbb jjjjjj −===+== −+

2,1,,1,1,1,1 , jjjjjjjjjjjj ubuubu −−−−− −==

2100011 , ubuubu −==

( )2

112

10

2=

+= Ω−

ΩjLP

j

euueG ( )( )fr Δπ−

−=

cos1212

⇒

For the steady-state values ⇒ 0

21

20110 , buubuu =+=


	
Relationship between the filter bandwidth and the weighting
coefficient II

3

2

1

ApproximationWeighting coefficient r as the exact function of
the filter relative bandwidth

Number of poles

( )( )fr Δπ−−

=cos12

12

( ) ( )ffr Δπ+Δπ−−

=2cos2cos86

12

( ) ( ) ( )fffr Δπ−Δπ+Δπ−−

=3cos22cos12cos3020

123

20.02075690f

rΔ

≈

2

150.06520973f

rΔ

≈

fr

Δ≈

0.2048624

Second generation

fΔ

( ) ( )( )21cos 2ff Δπ−≈Δπ


	
MATLAB functions

function x = MyVoldKalman1(y,dt,f,r)

c = 2*cos(2*pi*f*dt);N = max(size(y)); N2 = N-2;e = ones(N2,1);A
= spdiags([e -c(1:N2) e],0:2,N2,N);AA = r*r*A'*A +speye(N,N);x =
AA\y;

First generation

Second generationfunction x =
MyVoldKalman2(y,dt,f,r,filtord)

N = max(size(y));if filtord==1, NR = N-2; else NR = N-3; end;e =
ones(NR,1);if filtord==1,

A = spdiags([e –2*e e],0:2,NR,N);else

A = spdiags([e –3*e 3*e -e],0:3,NR,N);end;AA = r*r*A'*A
+speye(N); yy = exp(-j*2*pi*cumsum(f)*dt).*y;x = 2*AA\yy;

Sparse matrix functions

speye – identity matrix

spdiags – diagonal matrix

\ - left matrix divide

Sparse matrix functions

speye – identity matrix

spdiags – diagonal matrix

\ - left matrix divide


	
Effect of weighting coefficient on filter selectivity

2f /fs

abs(H)
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Filter frequency response

First generation filter


	
Example No.1: Sound Quality

Tim e His tory : vyfuk_L_m ono.wav 2 : Signal

-30000

-20000

-10000

0

10000

20000

30000

0 2 4 6 8 10 12 14 16 18

Tim e [s ]

[-]

Vold-Kalm an : vyfuk_L_m ono.wav 2 : Signal
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-10000

0
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20000
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Tim e [s ]
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2 ord

4 ord

6 ord8 ord

Noise at Car Exhaust System

Harmonics of Engine Rotational Speed


	
Effect of weighting coefficient on filter selectivity
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Band-pass Filter

0 f0 f

0 f0 f

1

0

1

0

y(t)* exp(-jω0t)Low-pass Filter

Secondgeneration filter

Low-Pass Filter Roll-Off = -40 dB * Pole Number

ω0=2πf0


	
Example No.2: VK-Filter responses

Vold-Kalm an One-Pole Filter : Generator : SweptSine

-80

-60

-40

-20

0

0 10 20 30 40 50 60 70 80 90 100

Tim e [s ]

RM

S d

B/re

f 0,7

0710

U

1-pole filter 2-ple filter 3-pole filter 4-pole filter

Signal Analyser, MATLAB LabShop PULSE

Time History : Clipboard : Col 1

0

50

100

150

200

0 20 40 60 80 100

Time [s]

Hz

Swept sinefrequency

V-K Filter centrefrequency

Second generation


	
Example No.3: Run-up of a motor

Time History : Interpolated RPM : RPM

02000400060008000

0 5 10 15Time [s]

RPM

Time History : Vibration - Input : Vibration

-60-40-20

02040

0 5 10 15Time [s]

[m/s

2]

73728 samples = 73728 equations


	
Results of Example No.3

MATLAB

Signal Analyser, the Visual Basic Application

Vold-Kalman : Vibration - Input : Vibration

0
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14

0 5 10 15
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RM
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] 1 ord3 ord9 ord10 ord

Vold-Kalman Order PhaseAss (Vibration) (Magnitude)Working :
Input : Input : Time Capture Analyzer
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[m/s²] Vold-Kalman Order PhaseAss (Vibration) (Magnitude)Working
: Input : Input : Time Capture Analyzer
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1.order
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LabShopPULSE


	
Example No. 4: Pass-By Noise MeasurementsTime History : 3r :
Left

-1,5-1,0-0,50,00,51,01,5

0 1 2 3 4 5 6Time [s]

[Pa]

Vold-Kalman : 3r : Left

20304050607080

-10 -5 0 5 10Position [m]

RMS

dB(A

)/ref

2E

-5

[Pa]

27 ord 54 ord 81 ord

3r : Inst Speed

5001000150020002500

0 2 4 6

Time [s]

RPM

Vold-Kalman : 3r : Left
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Example No. 5: Vibration modes of journal bearings

-120-80-40

04080
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Multi-component filtration

First generation Second generationData equations for extraction
of P components

( ) ( ) ( )nnxnyP

ii η+= ∑

=1

( ) ( ) ( )( ) ( )nnjnxnyP

ïii η+Θ=∑

=1exp

PiJ HiP

ikk

kkHiiiH

i

,...,1,1

==−+=∂∂ ∑

≠=

0yCxCCxBx

Global solution

P matrix blocks

P matrix blocks
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21

2212
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PxP–block matrix


	
Large-scale system of linear equationsIterative methods for
sparse linear systems of Symmetric Positive Definite matrices

MATLABx = pcg(B,b)

x = pcg(B,b,tol)

x = pcg(B,b,tol,maxit)

x = pcg(B,b,tol,maxit,M)

x = pcg(B,b,tol,maxit,M1,M2)

x = pcg(B,b,tol,maxit,M1,M2,x0)

Preconditioned Conjugate Gradients methodbBx =

uMxbuMB 11 −− == ,

21MMM =

Iterative method Direct method

Decomposition

(x0 … initial guess)

M preconditioner matrix


	
MyPcgfunction [x,fl,rr,it,rv] = MyPcg(B,b,tol,maxit,L,x0)%
Metoda CG pro rozlozenou predpodminkovou matici

r = b - B*x0; r1 = L\r; p = L'\r1;it = 0; fl = 0;rv =
norm(b-B*x0); nb = norm(b); rr = norm(b-B*x0)/nb; x = x0;

while (it < maxit) & (rr >= tol),alfa =
(r1'*r1)/((B*p)'*p);x = x + alfa*p;Bp = B*p; Bpa = alfa*Bp; r1n =
r1 - L\Bpa;beta = (r1n'*r1n)/(r1'*r1);p = L'\r1n + beta*p;r1 =
r1n;it = it + 1;nr = norm(b-B*x); rr = nr/nb; rv = [rv; nr];

end;if (rr > tol) & (it == maxit), fl = 1; end;

Yousef Saad: Iterative Methods for Sparse Linear Systems,Second
edition with corrections, January 3rd, 2000

L Choleskydecomposition


	
Example No.5: PCG AlgorithmEnvelope Residuum

Time Iterations1000 samples * components

= 2000 equations

Sum of two harmonic signals with the unity magnitude


	
Example No. 6: Crossing orders in PULSE

Time History

Multispectrum


	
PULSE – Without Decoupling Orders


	
PULSE – Decoupling Orders


	
MATLAB – Decoupling Orders


	
Vold-Kalman filtration advantages / disadvantages

Vold-Kalman order tracking filtration is a tool for conducting
diagnostics of rotating machines

Advantages• tracking an order without slew rate limitations•
decoupling of close and crossing orders• stepwise changes of the
RPM

Disadvantages• non real time processing• longer calculation
time• some prior knowledge about signal is required.


	
Tuma’s Publications on VK Filter (Through 2005)

Tůma, J. Setting the passband width in the Vold-Kalman order
tracking filter. In: Twelfth International Congress on Sound and
Vibration, (ICSV12). Lisbon, July 11-14, 2005, Paper 719.Tůma, R.
The passband Width of the Vold-Kalman Order Tracking Filter.
Proceedings of Scientific Works at VŠB-TU Ostrava, Mechanical
Engineering Series year. LI, 2005. č. 2, paper No. 1485, s.
149-154. ISSN 1210-0471. ISBN 80-248-0880-X.Tůma, J. Sound Quality
Assessment Using Vold-Kalman Tracking Filtering. In Proceedings of
XXIX. Seminary ASR '04 “Instruments and Control”. Ostrava :
KatedraATŘ, VŠB-TU Ostrava, 2004, pp. 305-308. ISBN
80-248-0590-1.Tůma, J. Dedopplerisation in Vehicle External Noise
Measurements. In 5th International Carpathian Control Conference.
Zakopane, Poland : AGH-UST Krakow, 25. – 28. 5. 2004, pp. 679-684.
ISBN 83-89772-00-0.Tůma, J. & Kočí, P. Vold-Kalman Order
Tracking Filtering in Rotating Machinery. In Proceedings of
International Carpathian Control Conference, Krynica,Poland. 1st
ed. Krakow : AGH, May 23 - 26, 2001. pp. 143-146. ISBN
80-7099-510-6.Tůma, J. Vold-Kalman Order Tracking Filtration as a
Tool for machine diagnostics. InEngineering Mechanics 2001,
Svratka, Czech Republic. 1st ed. Praha : Institute of
Thermomechanics – Academy of Science, May 14 - 17, 2001. P136. ISBN
80-85918-64-1.

Jiri TumaPh.D.*1947


	
Conclusion

• Vold-Kalmanfiltration is an excellent tool in order tracking
filtration

• I recommend it …..
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